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Recently, Owa, Saigo, and Srivastava introduced and studied a certain general-
ized fractional integral operator J a , b , h involving the Gaussian hypergeometric0, z
function. The object of this paper is to investigate various properties and relation-
a , b , h  .ships involving J , the Carlson]Shaffer operator L a, c , and the Ruscheweyh0, z
derivative Dl. A number of interesting subclasses of analytic and univalent
functions are also considered in our investigation. Q 1996 Academic Press, Inc.
1. INTRODUCTION AND DEFINITIONS
Let A denote the class of functions of the form:
`
nq1f z s a z a [ 1 , 1.1 .  .  . nq1 1
ns0
which are analytic in the open unit disk
< < 4U s z : z g C and z - 1 .
Also let S denote the class of all functions in A which are univalent in
 .the disk U. Then a function f z belonging to the class S is said to be
 .starlike of order a 0 F a - 1 in U if and only if
zf 9 z .
R ) a z g U ; 0 F a - 1 . 1.2 .  . /f z .
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 .We denote by S * a the class of all functions in S which are starlike of
order a in U.
 .A function f z belonging to the class S is said to be con¨ex of order a
if and only if
zf 0 z .
R 1 q ) a z g U ; 0 F a - 1 . 1.3 .  . /f 9 z .
 .We denote by K a the class of all functions in S which are convex of
order a in U.
 .  . w xThe classes S * a and K a were first introduced by Roberston 15
w x w xand were studied subsequently by Schild 17 , MacGregor 11 , Pinchuk
w x w x  w x.14 , Jack 6 , and others cf., e.g., 20 .
 .  .Let a j s 1, . . . , p and b j s 1, . . . , q be complex numbers withj j
b / 0, y1, y2, . . . j s 1, . . . , q . .j
 .Then the generalized hypergeometric function F z is defined byp q
F z ' F a , . . . , a ; b , . . . , b ; z .  .p q p q 1 p 1 q
` na ??? a z .  .1 pn n[ p F q q 1 , 1.4 .  .
b ??? b n! .  .1 qnns0 n
 .where l is the Pochhammer symbol defined, in terms of the Gamman
function, by
G l q n .
l [ . n
G l .
1 n s 0 .
s 1.5 .  4l l q 1 ??? l q n y 1 n g N [ 1, 2, 3, . . . . .  .  .
 . < <The F series in 1.4 converges absolutely for z - ` if p - q q 1, andp q
for z g U if p s q q 1. Furthermore, if we set
q p
v s b y a , 1.6 . j j
js1 js1
it is known that the F series, with p s q q 1, is absolutely convergent forp q
< <z s 1 if R v ) 0, .
and conditionally convergent for
< <z s 1 z / 1 if y1 - R v F 0. .  .
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 .  .For the functions f z j s 1, 2 defined byj
`
nq1f z s a z a [ 1; j s 1, 2 , 1.7 .  . .j j , nq1 j , 1
ns0
 . .  .let f ) f z denote the Hadamard product or con¨olution of f z and1 2 1
 .f z , defined by2
`
nq1f ) f z [ a a z a [ 1; j s 1, 2 . 1.8 .  .  . .1 2 1, nq1 2, nq1 j , 1
ns0
 .Now define the function f a, c; z by
` a . n nq1f a, c ; z s z c / 0, y1, y2, . . . ; z g U , 1.9 .  .  . c . nns0
 .so that f a, c; z is an incomplete Beta function with
f a, c ; z s z F 1, a; c ; z . 1.10 .  .  .2 1
 . w xCorresponding to the function f a, c; z , Carlson and Shaffer 5 defined a
 . w  .xlinear operator L a, c on A by the convolution 5, p. 738, Eq. 2.2 :
L a, c f z s f a, c ; z ) f z f g A . 1.11 .  .  .  .  .  .
 .  .  .Clearly, L a, c maps A onto itself, and L c, a is the inverse of L a, c ,
provided that
a / 0, y1, y2, . . . .
 .Furthermore, L a, a is the identity operator, and
K a s L 1, 2 S * a 0 F a - 1 1.12 .  .  .  .  .
or, inversely,
S * a s L 2, 1 K a 0 F a - 1 . 1.13 .  .  .  .  .
w x lRuscheweyh 16 introduced an operator D : A ª A defined by the
convolution:
z
lD f z s ) f z l G y1; z g U , 1.14 .  .  .  .lq11 y z .
which implies that
 .nny1z z f z . .
n  4D f z s n g N [ N j 0 . 1.15 .  . .0n!
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w xRescheweyh 16 also introduced the subclass
Dlq1 f z .
1K [ f g A : R ) z g U l ) y1 1.16 .  .  .l 2l 5 /D f z .
1 .of the class S * .2
With these notations, we have
D1 f z .
f z g S * a m R ) a z g U ; 0 F a - 1 .  .  .0 /D f z .
D2 f z a q 1 .
f z g K a m R ) z g U ; 0 F a - 1 . .  .  .1 / 2D f z .
1.17 .
Since
z
s z F 1, l q 1; 1; z , .2 1lq11 y z .
we also have
Dlf z s L l q 1, 1 f z . 1.18 .  .  .  .
w x  .Ahuja 1, 2 defined the class R a , which may be called thel
Ruscheweyh class of order a , satisfying the condition:
z Dlf z 9 . .
R ) a 1.19 .l /D f z .
f g A ; l ) y1; a - 1; z g U .
and proved that
1 y l
R ' K l ) y1 . .l l /2
 .  .For l s n g N and 0 F a - 1, the classes R a and R 0 were,0 n n
w x w xrespectively, introduced in 3 and 4 . In particular, Ahuja and Silverman
w x4 showed that
R a ; R a for each n g N and for all a . .  .nq1 n 0
These inclusion relations establish that
R a ; S * a n g N ; 0 F a - 1 .  .  .n 0
and
R a ; K a n g N; 0 F a - 1 . .  .  .n
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 .  w x.Furthermore, for a fixed and n s n a sufficiently large, we have cf. 4
R [ R 0 ; K a 0 F a - 1 . .  .  .n n
The function
z
s z [ 0 F a - 1 1.20 .  .  .a  .2 1ya1 y z .
 .is the well-known extremal function for the class S * a . A function
 .  .f z g A is said to be in the class R a , b if
f ) s z g S * b 0 F a - 1; 0 F b - 1 . 1.21 .  .  .  .  .a
 .  .Note that R a , a ' R a is the subclass of A consisting of all functions
 . w xwhich are prestarlike of order a . The family R a was introduced in 17 ,
where it was shown that
R a ; R b for a - b - 1, .  .
and
f ) g z g R a for f , g g R a . .  .  .  .
w x a , b , hSrivastava et al. 21 introduced a fractional integral operator I0, z
 w x.defined by cf. 19
yayb zz zay1a , b , hI f z s z y z F a q b , yh ; a ; 1 y f z dz .  .  .H0, z 2 1  /G a z . 0
1.22 .
a ) 0, b , h g R; f z g A . .
w x a , b , hand Owa et al. 13 studied the fractional integral operator J defined0, z
 w x.by see also Kim et al. 10
G 2 y b G 2 q a q h .  .
a , b , h b a , b , hJ f z s z I f z f g A . .  .  .0, z 0, zG 2 y b q h .
1.23 .
We observe that
J a , b , h f z s L 2, 2 y b L 2 y b q h , 2 q a q h f z . 1.24 .  .  .  .  .0, z
Various families of integral and other operators including, for example,
.some of those mentioned above were studied recently in connection with
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 w x w x w xnumerous subclasses of analytic functions cf., e.g., 7 ] 10 ; see also 19
w x.and 20 . In this paper, we first derive some interesting properties of the
a , b , h  .fractional integral operator J and of the linear operator L a, c . In0, z
  . .Section 3, we shall investigate the value of d , where for f z g Aa
Daq1 f z .
R ) d .aa /D f z .
 .Also we shall consider an application for the Ruscheweyh class R al
defined above.
2. RESULTS INVOLVING CARLSON]SHAFFER AND
FRACTIONAL INTEGRAL OPERATORS
THEOREM 1. If 0 F a - 1, 0 F b - 1, and h g R, then
1 y 2a 1
L 3 y 2a , 2 R a , b ; K b q S * b . .  .  .  .
2 y 2a 2 y 2a
Proof. Since
z
s z s s z F 1, 2 y 2a ; 1; z .  .a 2 1 .2 1ya1 y z .
s f 2 y 2a , 1; z , 2.1 .  .
 .it follows from 1.11 that
s z .a
f z ) s L 3 y 2a , 1 f z . 2.2 .  .  .  .
1 y z
From the identity:
s z 1 y 2a 1 d .a
f z ) s s ) f z q z s ) f z 4 .  .  .  .  .a a1 y z 2 y 2a 2 y 2a dz
1 y 2a 1
s s ) f z q s z ) zf 9 z , 2.3 4 .  .  .  .  .a a2 y 2a 2 y 2a
we have
1 y 2a
L 3 y 2a , 1 f z s L 2 y 2a , 1 f z .  .  .  .
2 y 2a
1
q L 2 y 2a , 1 L 2, 1 f z . 2.4 .  .  .  .
2 y 2a
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 .It follows from 2.4 that
1 y 2a
L 3 y 2a , 1 R a , b ; L 2 y 2a , 1 R a , b .  .  .  .
2 y 2a
1
q L 2 y 2a , 1 L 2, 1 R a , b . .  .  .
2 y 2a
2.5 .
w  .xNoting that cf. Eq. 1.21
R a , b s f z g A : f z ) s z g S * b 4 .  .  .  .  .a
s L 1, 2 y 2a S * b , 2.6 .  .  .
 .we can easily rewrite the inclusion relation 2.5 in the form:
L 3 y 2a , 1 R a , b .  .
1 y 2a
; L 2 y 2a , 1 L 1, 2 y 2a S * b .  .  .
2 y 2a
1
q L 2 y 2a , 1 L 2, 1 L 1, 2 y 2a S * b .  .  .  .
2 y 2a
1 y 2a 1
s S * b q L 2, 1 S * b . 2.7 .  .  .  .
2 y 2a 2 y 2a
Therefore
1 y 2a
L 3 y 2a , 1 L 1, 2 R a , b ; L 1, 2 S * b .  .  .  .  .
2 y 2a
1
q L 2, 1 L 1, 2 S * b .  .  .
2 y 2a
1 y 2a 1
s K b q S * b . .  .
2 y 2a 2 y 2a
2.8 .
Since
L 3 y 2a , 2 R a , b s L 3 y 2a , 1 L 1, 2 R a , b , .  .  .  .  .
the proof of Theorem 1 is completed.
THEOREM 2. If a ) 0, 0 F b F 1, and h g R, then
b
a , b , hL 2 q a q h , 2 y b q h J K a s R , a . 2.9 .  .  .0, z  /2
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 .  .Proof. From the equations 1.12 and 1.24 , we readily have
L 2 q a q h , 2 y b q h J a , b , h K a .  .0, z
s L 2, 2 y b K a .  .
s L 2, 2 y b L 1, 2 S * a .  .  .
s L 1, 2 y b S * a .  .
b
s R , a . /2
Letting b s 1 in Theorem 2, we have
COROLLARY 1. If 0 F a - 1 and h g R, then
L 2 q a q h , 1 q h J a , 1 , h K a s S * a . .  .  .0, z
3. APPLICATIONS OF THE RUSCHEWEYH
DERIVATIVES
The following known result will be required in our proof of Theorem 3
below:
 w x.LEMMA 1 cf., e.g., Miller and Mocanu 12, p. 298, Theorem 5 . Let
 .w u, ¨ be a complex-¨ alued function, that is,
w : D ª C D ; C = C .
and let
u s u q iu and ¨ s ¨ q i¨ .1 2 1 2
 .Suppose that the function w u, ¨ satisfies the following conditions:
 .  .i w u, ¨ is continuous in D;
 .  .   .4ii 1, 0 g D and R w 1, 0 ) 0;
 .   .4  .iii R w iu , ¨ F 0 for all iu , ¨ g D and such that2 1 2 1
1 q u2 .2¨ F y .1 2
Let
p z s 1 q p z q p z 2 q ??? . 1 2
be regular in U such that
p z , zp9 z g D for all z g U . .  . .
If
R w p z , zp9 z ) 0 z g U , 4 .  .  . .
then
R p z ) 0. 4 .
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 .THEOREM 3. If f z g A satisfies
Daq2 f z .
R ) b z g U ; a ) y1 3.1 .  .aq1 /D f z .
1 .for some b F b - 1 , then2
Daq1 f z .
R ) g z g U ; a ) y1 , 3.2 .  .a /D f z .
where
2’2b a q 2 y 3 q 2b a q 2 y 3 q 8 a q 1 4  4 .  .  .
g [ . 3.3 .
4 a q 1 .
w  .xProof. It is known that 3, p. 250, Eq. 1.15
z Da f z 9 s a q 1 Daq1 f z y aDa f z a ) y1 , 3.4 .  .  .  .  .  . .
which immediately yields
z Da f z 9 Daq1 f z .  . .
s a q 1 y a . 3.5 .  .a aD f z D f z .  .
 .If we define the function p z by
Daq1 f z .
s g q 1 y g p z 3.6 .  .  .aD f z .
 .with g defined, as before, by 3.3 , then
p z s 1 q p z q p z 2 q ??? . 1 2
 .is analytic in U. Differentiating both sides of 3.6 logarithmically, we have
z Daq1 f z 9 z Da f z 9 1 y g zp9 z .  .  .  . . .
s q . 3.7 .aaq1 D f z g q 1 y g p zD f z  .  .  . .
 .  .Combining the equations 3.5 and 3.7 , we obtain
Daq2 f z a q 1 Daq1 f z 1 .  .
s q
aaq1 a q 2 D f z a q 2D f z  . .
1 y g zp9 z .  .
q , 3.8 .
a q 2 g q 1 y g p z 4 .  .  .
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which readily yields
Daq2 f z .
R y b
aq1 /D f z .
1
s R a q 1 g q 1 y b a q 2 q a q 1 1 y g p z .  .  .  .  .a q 2
1 y g zp9 z .  .
q 5g q 1 y g p z .  .
) 0. 3.9 .
 .Therefore, if we define the function w u, ¨ by
w u , ¨ s a q 1 g q 1 y b a q 2 q a q 1 1 y g u z .  .  .  .  .  .
1 y g ¨ z .  .
q , 3.10 .
g q 1 y g u z .  .
then we see that
 .  .    .4.i w u, ¨ is continuous in D s C y gr g y 1 = C;
 .  .   .4  . .ii 1, 0 g D and R w 1, 0 s a q 2 1 y b ) 0;
 .  .iii for all iu , ¨ g D and such that2 1
1 q u2 .2¨ F y ,1 2
R w iu , ¨ 4 .2 1
g 1 y g ¨ . 1s a q 1 g q 1 y b a q 2 q .  . 22 2g q 1 y g u . 2
g 1 y g 1 q u2 .  .2F a q 1 g q 1 y b a q 2 y .  . 22 22 g q 1 y g u . 42
2g 2 a q 1 g y 2b a q 2 y 3 g y 1 4 .  .
s 22 22 g q 1 y g u . 42
1 y g g q 1 y g 2b a q 2 y 2g a q 1 y 2 4 .  .  .  .
2y u .222 22 g q 1 y g u . 42
3.11 .
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 .From Eq. 3.3 , we have
2 a q 1 g 2 y 2b a q 2 y 3 g y 1 s 0. 3.12 4 .  .  .
1  .  .For b G g and b G , we find from 3.11 and 3.12 that2
R w iu , ¨ F 0. 4 .2 1
 .This implies that the function w u, ¨ satisfies the hypotheses of Lemma 1.
Thus we conclude that
Daq1 f z .
R
a /D f z .
2’2b a q 2 y 3 q 2b a q 2 y 3 q 8 a q 1 4  4 .  .  .
) g s ,
4 a q 1 .
which evidently completes the proof of Theorem 3.
COROLLARY 2. If a G 0 and 0 F b - 1, then
R b ; R g a q 1 y a .  . .aq1 a
where
2’2 a q b y 1 q 2 a q b y 1 q 8 a q 1 4  4 .  .  .
g [ . 3.13 .
4 a q 1 .
Moreo¨er,
g a q 1 y a G b . .
 .  .Proof. Let f g R b . Then, from the definition 1.19 , we haveaq1
z Daq1 f z 9 . .
R ) b z g U . 3.14 .  .aq1 /D f z .
 .  .By a simple computation, using 3.5 and 3.14 , we obtain
Daq2 f z a q b q 1 .
R ) z g U . 3.15 .  .aq1 / a q 2D f z .
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Applying Theorem 3, we have
Daq1 f z .
R ) g z g U , .a /D f z .
 .  .where g is defined by 3.13 . Using 3.5 , we have
z Da f z 9 . .
R ) g a q 1 y a z g U . .  .a /D f z .
Hence
f g R g a q 1 y a , . .a
which obviously proves the main assertion of Corollary 2.
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